The (2+1)-dimension Klein-Gordon generalised equation is numerically solved through the fi-9 nite differences method. Only the sine-Gordon case is focused: kink and antikink solutions are 
Introduction

18
The Klein-Gordon generalised equation is written as
where F is an arbitrary function of φ. The well-known wave equation is obtained with F (φ) = 0, while F (φ) = mc 2 φ leads to Klein-Gordon equation that describes a particle of mass m and spin 0 in relativistic quantum mechanics. Both cases are linear and only instance, the π-mesons are quark-antiquark bound states and some works (e.g. perconductors [4, 5] . The sine-Gordon equation finds also application in classical systems 30 such as coupled pendula [6] and, finally, light bullet solutions may be identified with 31 optical pulses propagating in different media [7, 8] .
32
In this paper, section 2 briefly describes the numerical method used, while section 3 33 presents the results of the simulations and is organised as follows. In 3.1 the propagation 34 and collision of kink-like solitons is analysed and in 3.2 an analogous study is performed 
Numerical method
39
In bidimensional cartesian coordinates, the (2+1)-dimension Klein-Gordon generalised equation becomes
With the normalisation substitutions x = mc x ′ , y = mc y ′ and t = mc 2 t ′ and loosing the primes, the following equation results:
In order to numerically solve (3), the finite differences method is implemented in Math- Theoretical approaches to (1+1)-dimension sine-Gordon equation [9, 10] allow one to write an 1-soliton analytical solution in the (2+1)-dimension case as
where 
· 100.
Collision 87
The collision between kink-like solitons is achieved by superposing them. However, in general, this procedure is not legitimate since the sine-Gordon equation (2) is nonlinear. The condition for the coexistence of a pair of legitimate kink-like solitons is
where φ 1 and φ 2 are solutions of (2). Thus, two kink-like solitons may be superposed if Table 2 Determination of the propagation velocity of the kinks in the kink-kink collision referenced by figure 4.
Light bullets 103
The light bullet [7, 8] represents a well-localised two-dimensional moving pulse. Its pre-104 viewed space-time dependence is 
Propagation
107
The evolution of a single light bullet is represented in figure 5 . There is no significant modification of shape -light bullets behave indeed as solitons. Nevertheless, a nonlinear trail is formed and the σ-value of the envelope function changes during propagation. To quantify the former, one compares the integral of φ in the trail region to that in the pulse region:
The higher ǫ, the more important the trail is in comparison with the soliton. It is important to note that the trail is dued not only to numerical reasons but also to the fact that (6) is not an analytical solution of (2), unlike the case of the kink-like solitons. The latter effect is evaluated fitting the numerical values of φ after propagation to
where sometimes not all parameters are free to vary for convergence purposes. One can now study ǫ and a 2 as functions of γ and σ and then choose the most favourable pair {γ, σ} to perform collisions between light bullets. Tables 3 and 4 
Collision
115
Only the collision between light bullets of {γ, σ} = {2.0, 2.5} is simulated. Other cases 116 may be delt with in future approaches. The numerical method is started by superposing 117 light bullets according to (5) . Figure 6 shows a head-on collision. The solitons interact 118 with each other and emerge essentially intact and with no change in propagation direc-119 tion. However, the σ-value of the envelope function of each bullet does not behave as in 120 the propagation case. In fact, the value of the fitting parameter a 2 after collision is 2.09.
121
It seems that head-on collisions lead to a shrink of the soliton, but this conclusion must 122 be tested by further and more complete simulations. are roughly determined and no significant difference is noticed.
130
Moreover, a 30
• -collision between a light bullet and a standing kink is simulated -see 131 figure 10 . As in the previous scenarios, no modification in the light bullet propagation 132 direction is detected, which evidences the robustness of these objects. Another collision taken into account is the one between a light bullet and a standing breather, shown in figure 11. The latter object is an analytical solution of (2) which is oscillatory and may be interpreted as a bound state between a kink and an antikink. Its behaviour is previewed analytically in the (1+1)-dimension case [9] and can be extended to
where ω = 2π T = √ 1 − m 2 and |m| < 1. In this collision, the light bullet still emerges 134 intact, although the standing breather is completely ruined after the interaction. In other As for kink-kink collision, one verified that kinks do not alter their shape, propagation 147 direction nor velocity after head-on collisions with each other. Nevertheless, the numerical 148 value of x 0 was found to be significantly above 0 for both kinks, which proves that 149 nonlinear interaction has taken place and that it momentarily speeded up both solitons.
150
In the light bullet case, the propagation was characterised as a function of the param-151 eters γ and σ and the most favourable case was identified: {γ, σ} = {2.0, 2.5}. With this 152 configuration, a head-on collision was set up and nonlinear effects in the shape of the light
